Elementary properties of atomic and nonatomic measures are investigated. In addition, it is shown that every measure can be written as the sum of a purely atomic measure and a nonatomic measure. Conditions are given under which this decomposition is unique.
1. Atomic and nonatomic measures. Suppose p. is a (nonnegative, countably additive) measure on the cr-ring S. A set £G § will be called an atom for p, if (1) p(E)>0 and (2) given FES, either p(EC\F) or p(E -F) is 0. We notice that if E is an atom for p. and p(EC\F)>0, then E(~\F is also an atom for p. We shall say that p is purely atomic or simply atomic if every measurable set of positive measure contains an atom. We shall say that p is nonatomic if there are no atoms for p. This means that every measurable set of positive measure can be split into two disjoint measurable sets, each having positive measure. Clearly the zero measure is the only measure which is both purely atomic and nonatomic.
The purpose of this paper is to investigate elementary properties of these measures and the relations between these measures. For example, as is well known, a cr-finite measure can be written uniquely as the sum of a purely atomic measure and a nonatomic measure. But this uniqueness is not automatic in the general case. Much of our effort will be devoted to studying relations between not necessarily cr-finite measures. Theorem 1.1. Suppose v and X are purely atomic measures on S. Then so are v+\ and v\/\, where v\y\ is the smallest measure greater than or equal to v and X.
Proof. Let p, = v+\ or let p = v\/\, since the same proof works in both cases. Suppose p(E)>0.
Then v(E)>0 or X(£)>0. Let us suppose j'(E)>0.
Since v is purely atomic, there exists a p-atom F such that FEE-If X(P) =0, then F is clearly an atom for p. On the other hand, if X(P)>0, then there exists a X-atom G such that GEF. We already know that the sum of two purely atomic measures or two nonatomic measures is a measure of the same type. But if the sum of two measures, v and X, is atomic [nonatomic], does it follow that v and X are themselves atomic [resp., nonatomic]? Examples 2.9 and 2.10 will show that the answer is no, but the following holds: = 0 for all MEW and hence p2(M) =0 for all JWG9TL It follows that Pi 5 p2 . We now show that every measure can be written as the sum of a purely atomic measure and a nonatomic measure.
Theorem 2.1. If p is any measure on S, then there exist measures pi and p2 such that p=pi+p2, where pi is purely atomic and p2 is nonatomic. We may choose pi and p2 such that pi S p2 and p2 5 pi, and under these conditions pi and p2 are unique. we have pi S p2 and p2 5pi, so that uniqueness follows.
A measure p on the cr-ring S will be called semifinite if every measurable set of infinite measure contains a measurable set of finite, positive measure (cf. [l, Exercise 25.9]). We notice that the atoms, if any, for a semifinite measure must be of finite measure. Theorem 2.7. Suppose {p«} is a family of atomic measures and that p = Vp", the smallest measure greater than or equal to each pa. If p is semifinite, then it is atomic.
Proof.
Suppose p(E)>0. Since p is semifinite, we may assume that p(E) < oo. Consider va and v, the restrictions of p" and p to %C\E. We have va(E) >0 lor some a, and since va^v, we see that v has an atom F by Theorem 2.4. Clearly, F is a p-atom contained in E. Theorem 2.8. Suppose {pa} is a family of atomic measures. If p = ^Mo and p is semifinite, then p is atomic also.
Proof. Immediate from Theorems 1.1 and 2.7. Can the cr-finiteness requirement on p in Theorems 2.4 and 2.5 be weakened to semifiniteness?
The following examples show that the answer is no.
Example 2.9. Let p and v be counting measure and Lebesgue measure, resp., on the Borel sets of the unit interval. It is easy to see that v^p, even though v is nonatomic and p is atomic. Example 2.10. LetX be an uncountable set, Fbe the unit interval, and m be Lebesgue measure on the Borel sets 03 of the unit interval.
As usual, Ex denotes {y: (x, y) EE}. Let S be the class of all EEX X Y such that ExE<$> for all xEX and such that either {x:Ex9£0} or {x:Ext±Y} is countable. We define measures p and v on S as follows: Let v(E)=0 if {x:Ex9i0} is countable and 1 otherwise. Let p(E) = 2^{m(-Ex):xEX}.
11 is clear that p is nonatomic, v is atomic, and vSpIt is possible for a nonzero atomic measure to be zero on singleton sets, e.g., Example 2.10. However, there exists a large class of <r-rings S such that a nonzero atomic measure on S must be nonzero on at least one singleton set. For example, consider any topological Hausdorff space such that each finite measure on the Borel sets is a regular Borel measure. (Any compact metric space will do.) If a finite measure on the Borel sets of such a space is zero on singleton sets, then the measure is nonatomic [4, 2.IV] . Then in view of Theorem 2.11, any measure on the Borel sets of such a space and vanishing on singleton sets will be nonatomic. 
